THE RAMIFICATIONS OF THE CENTRES: QUANTISED FUNCTION 
ALGEBRAS AT ROOTS OF UNITY 



KENNETH A. BROWN AND IAIN GORDON 

Abstract. This paper continues the study of quantised function algebras O e [G] of a semisimple 
group G at an £th root of unity e. These algebras were introduced by De Concini and Lyubashenko 
in 1994, and studied further by De Concini and Procesi and by Gordon, amongst others. Our main 
purpose here is to increase understanding of the finite dimensional factor algebras O e [G](g), for 
g 6 G. We determine the representation type and block structure of these factors, and (for many 
g) describe them up to isomorphism. A series of parallel results is obtained for the quantised Borel 
algebras Uf° and Uf°. 



1. Introduction 

1.1. The first substantial study of the quantised function algebra O e [G] of the simply-connected 
semisimple group G at the £th root of unity e appeared in ||. It was shown there that, in close 
analogy with the case of a generic parameter the representation theory of C? e [G] is stratified 
by double Bruhat cells in G. More precisely, C e [G] contains a central sub-Hopf algebra isomorphic 
to 0[Cr], over which e [G] is a projective module of constant rank £ dimG . (In fact as we show below 
in Proposition 2.2, O e [G] is a free 0[G] -module.) Every irreducible O e [G]-module is annihilated 
by a maximal ideal m g of 0[G] (where g € G), so that the finite dimensional representation 
theory of O e [G] can effectively be reduced to the study of the bundle of ^ dimG -dimensional algebras 
O e [G](g) := O e [G]/m g O e [G], for g £ G. The noncommutativity of the generic algebra 9 [G] induces 
a Poisson structure on 0[G] (as in |l(], Section 11]), and this is preserved by the group T of winding 
automorphisms of e [G] afforded by the one-dimensional representations of O e [G\. (Here, T is the 
maximal torus in G.) It follows (see ||, Section 9]) that if g and g' are in the same T-orbit of 
symplectic leaves in G, then O e [G](g) = O e [G](g') 9.3]. The T-orbits of symplectic leaves have 
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been determined [20|: they are the double Bruhat cells 

X WliW2 = B + wiB + n B~w 2 B-, 
where w\, W2 £ W, the Weyl group of G, and B + and B~ are fixed Borel subgroups of G. 



1.2. The representation theory of O e [G](g) was further studied in [11], where it was shown that 
the irreducible e [G] ((^-modules are permuted transitively by the winding automorphisms arising 
from the one-dimensional C? e [G](l)-modules, and the number and dimension of irreducible O e [G](g)- 
modules was calculated - see Theorem p.3| (b)(ii). The complexity of O e [G](g) was determined in 
[17], and hence the representation type of O t [G](g) was found in many, but not all, cases - see 



Theorem |J(b). 



1.3. The main purpose of this paper is to continue the analysis of the algebras O t [G](g), our 
principal results in this direction being listed below. For w £ W let £(w) (respectively s(w)) 
denote the minimal length of an expression for w as a product of simple (respectively arbitrary) 
reflections in W. Let w\,W2 € W, let g € X m ^ m and set w = w^wi. Let N be the number of 
positive roots of G, let r be the rank of G, let w\, . . . , w T be a set of fundamental weights, and let 
&(w\,W2) = {i : I < i < r,woWi,woW2 € Stably {vdi}}. By a multiply -edged Cayley graph of F we 
mean the graph got from the usual Cayley graph C of a group F with respect to a distinguished 
set of generators X (possibly including lp) by assigning a positive integer m x to each i£l and 
replacing each edge of C corresponding to x by m x edges in the same direction. 



• (Theorem 3.3) For g in the fully Azumaya locus (that is, for those algebras whose irreducible 
modules have the maximal possible dimension £ N ), a complete description of O e [G](g) as a 
direct sum of matrix rings over a truncated polynomial algebra. 

• (Theorem |4.5| ) Determination of the representation type of O e [G](g) in all cases - O t [G](g) 
has finite type if £(w±) + i(w2) > 2N — 2, and is wild otherwise. 

• (Corollary |7.4| ) Calculation of the number of blocks of O e [G] (g) and the structure of its quiver: 
the number of blocks is ^ card <3(wi,w2) anc [ ^he quiver of each block is a multiply-edged Cayley 
graph of a certain elementary abelian £-group of order £ r - s ( w )- card& ( w i< w 2) _ 

1.4. Here are some indications of the ingredients of the proofs of the above results. This paper 
is a sequel to ||, in which a key result (reproduced here as Theorem |2.5|) shows in the present 
setting that if g is a fully Azumaya point of G then O e [G]/m s C? e [G] is a complete matrix ring 
over Z g := Z(O e [G])/m g Z(0 € [G]). A particular case of the main result of |§ (Theorem ^6] below) 
identifies the Azumaya points of e [G] with the smooth points of its centre. Since Z(O e [G]) is 



THE RAMIFICATIONS OF THE CENTRES: QUANTISED FUNCTION ALGEBRAS AT ROOTS OF UNITY 



known thanks to work of Enriquez [13], Z g can be determined when g lies under a smooth point of 



Z(O e [G]), so proving Theorem 3J3. For the analysis of representation type, after the work of [17], 
(at least for i greater than the Coxeter number h of G), only the case (*) l(w\) + £{w2) = 2N — 2 
remained to be dealt with. In this case (and without assuming £ > h) there are essentially three 
possibilities for the pair (w\ ,102), two of which yield an Azumaya point which can thus be disposed of 
thanks to Theorem |3.3| , The third (where w\ = W2 and l{w\) = N — l) is then analysed directly, and 
shown always to involve the wild algebra C[X, Y]/(X , Y^). Finally, using deformation arguments 
we remove the restriction to i > h arising in ]l7j - the idea is that every algebra O e [G](g') with 
g' G X^i w i and ^(u^) + £(w' 2 ) < 2iV — 2 is a degeneration of an algebra O e [G](g) for g € X Wl ^ W2 
satisfying (*). Then by a result of GeiB [|l(]] we can deduce the wildness of O e [G](g') from that 
of O e [G](g). The two key ingredients of our work on blocks and quivers are Muller's theorem and 
skew group algebras. The former, which was also fundamental to ||] and which is restated here 
as Theorem |2.8| , implies that the blocks of O e [G](g) are in bijection with the maximal ideals of 
Z(O e [G]) lying over m g . The latter feature because the algebras O e [G](g) are skew group algebras. 
This follows from the following, the main result of Section 5, which is independent of the rest of 
the paper and which may be of interest in other contexts. 

• (Theorem |5.2|) Let k be an algebraically closed field and let R be a finite dimensional fc-algebra 
whose irreducible modules are permuted simply transitively by a finite abelian group G of k- 
algebra automorphisms of R, with char/c coprime to \G\. Then R is isomorphic to a matrix 
algebra over a skew group algebra S\ * G with S± scalar local. The blocks and quiver of R are 
determined by the conjugation action of G on the Jacobson radical of S\. 



1.5. The paper also includes a series of results, paralleling those in 1.3, for the quantised Borel 
algebras £/ e -° and C/ e -° at an £th root of unity e. Thus, see Theorem 2.9 and Corollary |4.6| for 



their representation type, and Theorems 3.7 and |6. 10 for their blocks and quivers. The quantised 
analogues of the enveloping algebras of the positive and negative Borel subalgebras b + and b~ 
of q = Lie(G) are closely connected to C e [G], thanks to the dual of the multiplication map m : 
B + x B~ — ► G. Coupled with the Hopf self-duality of the quantised Borel algebras, this yields an 
algebra embedding |9], Section 6] of O e [G] into C/ e -°(8)C/ e - . Corresponding to the central subalgebra 
0[G] of O e [G] are central subalgebras 0[B+] and 0[B~] of Uf° and respectively, and the 



above embedding specialises to the finite dimensional factor algebras - see Proposition 2.14 for 
details. Despite the apparently simpler structure of the quantised enveloping algebras of the Borels 
as compared with O e [G], our results for the former are in many cases weaker than for the latter. 
There are at least two reasons for this: the coincidence of Azumaya points with smooth points 
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is not in general valid for the centres of quantised enveloping algebras (the details are laid out in 



Proposition 2.7); and in general Z(U^°) is not known. (This situation has been rectified in |l 
where, in particular, Z(f/ e -°) is described. Often, but not always, Z(U^°) = 0{B~] - see Theorem 
H(h)0 



1.6. The contents are arranged as follows. In Section 2 notation is fixed and earlier work is 
recalled in the form most useful for present purposes. We also provide a proof of the freeness of 
O e [G] over its central subalgebra 0[G}. In Section 3 the centre of is analysed with enough 
care to allow the proof of Theorem |3.3| , describing O e [G] (g) when g is fully Azumaya. In Section 4 
the representation type of O t [G](g) and of U^°(b) is determined. Section 5 contains the interlude 
on skew group algebras, culminating in Theorem |5.2| and Proposition |5.3| . Sections 6 and 7 are 
concerned with the block and quiver structure of (respectively) U^°(b) and O e [G]{g). Both these 
sections contain a number of examples. The final three paragraphs of the Introduction suggest 
three directions in which one might hope to extend the work described here. 

1.7. The results of this paper show that the bundle of algebras {O t [G](g) : g € G} is a partially 
ordered collection of successive degenerations, progressing from the semisimple artinian algebras 
for g € X WOtWO , the big cell, where 

O e [G](g) - (MaV(C))® (n , 

towards the most degenerate algebras, for g G X e ^ e , where the f irreducible modules are one- 
dimensional and there is only one block. This progressive degeneration is closely tied to the Bruhat- 
Chevalley order on Wx W, (see Lemma [Q|) . We exploit this perspective in analysing representation 



type, for example, (as outlined in (1.4)), but it seems likely that more use can be made of similar 
arguments. A similar philosophy applies to other classes of algebras whose representation theory 
exhibits a geometric stratification, such as the quantised enveloping algebras U t (g) and the modular 
enveloping algebras U(q), for q semisimple; but the positive evidence in these cases is more meagre 
than for the function algebras, which - thanks to their structure as Galois coverings of 0[G] - 
provide a tractable testing ground for techniques and conjectures to apply to the more difficult 
cases. 

1.8. A second aspect where further work may prove fruitful concerns the relations between the 
structure of e [G] and where q is generic. The primitive ideals of the generic algebras are 



also stratified by the orbits X WlW2 of the double Bruhat cells, as shown in [23, £2]. Attempts 



have been made to determine the (second layer) links between these primitive ideals, P, |24|, but 
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the results remain incomplete. The work on blocks for O e [G] presented here seems to support the 
belief that the links between e [G]-irreducibles are given by the "lifts" modulo £ of links between 
primitive ideals in the corresponding stratum in O g [G]. It may be that the results here can lead to 
the formulation of the correct conjecture for the structure of the link group in the generic case. 

1.9. Since the isomorphism type of O t [G](g) is determined by the T-orbit X Wl:W2 of leaves to which 
g belongs, it is very natural to ask precisely what information regarding {w\,W2) suffices to deter- 
mine the isomorphism type of O e [G](g). It's already clear from Theorem |2.3| (b)(ii) that £{w\) , £{w2) 
and s(w2 1 wi) are needed, but Corollary |7.4| indicates that card(3(wi, 1^2) may be required also. 



And indeed this is so - we show by example in with G = SL^C), that cardS(wi, W2) isn't 



a function of the other invariants listed above. Thus it remains an interesting open problem to 
determine a "minimal" set of isomorphism invariants, in terms of Weyl group data, for the algebras 

a [£](<?). 

2. NOTATIONS AND RECOLLECTIONS 

2.1. Let C = be a Cartan matrix of finite type having rank r and let (d\, . . . , d r ) £ N' r have 
coprime entries such that (cZjOjj) is symmetric. Let q be the semisimple Lie algebra over C defined 
by C and let q = f) © n + be its triangular decomposition. Let P and Q be the weight and root 
lattices of q and let ( , ) be the associated non-degenerate bilinear form. Let {a±, . . . ,a r } be a set 
of simple roots determined by C and let {w±, . . . , w r } be the corresponding fundamental weights 
of P. We have (zui, ctj) = Sijdi. Let G be the simply-connected, semisimple algebraic group over 
C associated with C. We have Borel subgroups B + and B~ of G such that Lie(i? ± ) = n ± ©t). Let 
T = B + C\B~, a maximal torus of G. The Weyl group of G (with respect to T) is Nq{T)/T. This 
can be identified with the Weyl group associated with C. The Weyl group acts on both P and Q 
and the form ( , ) is VF-invariant. There is a stratification of G: 

W\,W2&W 

where X Wl)W2 = B + w\B + n B~W2B~ . This restricts to a stratification of B~: 

B = \\ X Wje . 

Any element w £ W can be written as a product of simple reflections or as a product of (arbitrary) 
reflections. We let £(w) (respectively s(w)) equal the minimal length of an expression for w as 
a product of simple (respectively arbitrary) reflections. The longest word with respect to £ will 
be denoted wq; recall that £(wq) = N, where = dimc(n + ), the number of positive roots. The 
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function s : W — > N is called the rank function. It coincides with the codimension of Q ®% P w in 
Q (g>z P, where we write P™ to denote the elements of P fixed by if. Let h be the Coxeter number 
of W . This equals the order in W of the product of the simple reflections. Throughout this paper 
e £ C will be a primitive £th root of unity for some natural number £ > 1. Let = ^ ajCtj be the 
highest root of q. We will always require that £ is good, that is t is odd and prime to the integers 
a,i and di for 1 < i < r. 

2.2. Let C/ e - (respectively Iff ) be the non-negative (respectively non-positive) subalgebra of the 
(simply-connected) quantised enveloping algebra at a root of unity, e, associated to C, as defined in 
]|]. Let e [Gr] be the quantised function algebra at a root of unity, e, associated to C, as defined in 
|]]. The ring of regular functions on B~ , 0[P~], is a central sub-Hopf algebra of U^-°. Moreover, 
C/ £ -° is free as a module over 0[B~] of rank £ dimB , |, Corollary 3.3(b)]. Similarly, the ring of 
regular functions on G, 0[G], is a central sub-Hopf algebra of C e [G], Theorem 6.4]. We'll use 6 
to denote the embedding of 0[G] into Z(0 € [G]), and for the embedding of 0[S~] into Z(f7 e -°). In 
both cases we'll denote the induced map 9* on maximal spectra by tt. 



Proposition. As an 0[G]-module, O e [G\ is free of rank 



tfdim G 



Proof. Thanks to §, Theorem 7.2] O e [G] is a projective C[G]-module of rank £ di ™ G . By @ the 
Grothendieck group of projective modules over 0[G] is trivial, in other words 

K (O[G}) Z. 

In particular, if P is a projective 0[G]-module whose rank is greater than the Krull dimension of 
G, then P is necessarily free, [^7], Theorem 11.3.7]. Since £ > 1 we have KdimO[G] = dimG < 
gdimG _ ran kO e [G], so the proposition follows. □ 

2.3. Let b € B~ and g £ G and let rrif, < 0[B~~] and m 9 <i 0[G] be the maximal ideals associated 
to these points. We define 

uF(b)^~^, O e [G](g)- aK/| 



In view of U, these algebras have C-dimension £ dimB = £ N+r and £ dimG = £ 2N+r respectively. 



Theorem, Theorem 4.4] ; [|, Section 9],|ll|, Theorem 4.4 and Proposition 4.10] Let b,b' G X w<e 

and g, g' € X m>W2 for some w,wi,W2 G W . 

(a)(i) There is an algebra isomorphism f7 e — = J7 e -°(£/). 

(ii) There are precisely £ r ~ s ( w ) simple U^°(b) -modules and each simple module has dimension 



THE RAMIFICATIONS OF THE CENTRES: QUANTISED FUNCTION ALGEBRAS AT ROOTS OF UNITY 7 

(b)(i) There is an algebra isomorphism O e [G](g) = O e [G](g'). 

(ii) There are precisely £ r ~ s ( u '2 w i) simple O e [G](g) -modules and each simple module has dimension 

2.4. We recall the description of the centre Z(O e [G]) of e [G] given in [13] and || Appendix]. 
Let U q be the quantised enveloping algebra associated with Cartan matrix C, defined over C(q), 
with q an indeterminate. For 1 < i < r let L(vji) be the simple f7 q -module of type 1 with highest 
weight cOj. Let v m (respectively f- W0VOi ) denote the highest weight vector of L{wi) (respectively 
L(wi)*) and let v- m (respectively f Wo m) denote the lowest weight vector of L{— wqWi) (respectively 
L(— WQWi)*). These are well-defined up to scalar multiplication. We define the (quantum) matrix 
coefficients 

U — r ,™i „ — -WQ^i 

L J— ^0 CT z ' OT i ^^0 ro i' 



These elements can (and will) be considered as elements of C? e [G] after specialisation of an ap- 
propriate integral form. Let Z q be the subalgebra of e [G] generated by the elements b k c^~ k for 



1 < i < r and < k < i. 

Theorem (Enriquez). The centre Z(0 e [G]) of O e [G] is isomorphic to 0[G] <8>o\G\nz q %q- 

Remarks. (1) As a C-algebra 0[G] H Z q is generated by {b f wv c e UJi : 1 < i < r}, and is isomorphic to 
C [Xi , . . . X r , Yi , . . . ,Y r \. 

(2) We can identify Z q with C[cti(k) : 1 < i < r,0 < k < £]/I where / is generated by the 
elements, for 1 < i < r, 

ai(k)ai(k!) - a^a^k + k') if k + k! < £, 
ai{k)ai(k') - a^a^k + k' - £) if k + k' > £, 

and the identification maps aj(fc) to b k c i i ~ k , so that 0[G] D Z q Z q corresponds to Xj 1 — > «i(0) 
and Yi 1 — > ai{£). 

(3) Z q ^ (g)[ =1 Z\, where Z\ is the algebra generated by {oi(k) :0<k<£}. 

(4) As an 0[G]nZg-module, Z q is finitely generated and free: indeed each Z l q is free over 0[G]nZ q 
with basis {1} U {ati(k) : 1 < k < i - 1}. 

2.5. Given any simple e [G]-module V the centre of O e [G] acts by scalar multiplication thanks 
to Schur's lemma. Thus there is an algebra map 

( v :Z(O e [G])^C 
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which we call the central character of V. We define the following subset of Maxspec(Z(O e [G])): 

Aqag] = {ker(Cy) : V is a simple O e [G]-module of maximal dimension}. 

This set is non-empty and open in Maxspec(Z(O e [G])) and is called the Azumaya locus of O e [G}. 
Thanks to Theorem EO we have 



Aojg] = {ker(^y) : V is a simple O e [G](g) -module for g 6 X Wl}W2 

with l(wi) + l(w 2 ) + a{w^ 1 w x ) = 2N}. 

Following [||, Section 2.5] we also define the fully Azumaya locus Fqjg\ of 0[G] with respect to 
e [G] to consist of those maximal ideals m g of 0[G] (or equivalently those elements g of G) such 
that every irreducible O e [G](g)-module has dimension £ N . In the notation of 2.3, 



n(,>Ao e [G\) = Fo e [G] = {g £G : g e X Wl>W2 , with £(wi) + £(w 2 ) + s(w 2 1 wi) = 2N}, 
and similarly for f7 e -°. 

Theorem. |, Corollary 2.7] Let g € T 0f [G y The 

O e [G](g) ^ MaV 
2.6. There is an alternative description of Aqj@\. 



len 

Z{Oe[G\) 

m g Z(O e [G}) 



Theorem. [||, Theorem C] The Azumaya locus Ao^g] °f @e[G] coincides with the smooth locus of 
Maxspec(Z(a[G])). 



In Section 3 we will use Theorems 2.5 and 2.6 to describe the algebras O e [G](g) for all g in 



2.7. Theorem p.6| is not in general true for U t 



>o 



Proposition. The Azumaya locus Ajj>o of ?7 e - coincides with smooth locus of Maxspec(Z(C7 e - )) 
if and only if C is a Cartan matrix of type A2 n . 



Proof. Let Z = Z(C/ e - ). In these circumstances Theorem 3.8] states that the Azumaya locus 



A TJ >o of C/ e - coincides with the smooth locus of Maxspec(Z) if C/ e -° is Azumaya in codimension 



one, that is the set of points of Maxspec(Z) which are not annihilators of simple C/ e -°-modules of 
maximal dimension has codimension at least two, see ||], Corollary 1.8]. Since Z is the centre of a 



maximal order it is integrally closed, 27, Theorem 5.1.10(b)]. In particular Maxspec(Z) is smooth 
in codimension one. This means that the converse of [|], Theorem 3.8] is also true: if A v >o coincides 
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with the smooth locus of Maxspec(Z) then J7 6 - is necessarily Azumaya in codimension one. The 
map induced by inclusion 

it : Maxspec(Z) — ► Maxspec(Zo) = B~ , 

is surjective with finite fibres. The simple f7 e -°-modules lying over b G X w ^ e all have dimension 
g±(i( w )+ s (w)) and the maximal dimension of a simple [/^-module is l¥ N + s ( w °». By 0, Theorem 
1.1] the variety X Wfi has dimension £(w) + r, so Maxspec(Z) is stratified by pieces n~ 1 (X Wte ) of 
dimension £(w) + r over which the representation theory is constant. Hence t7 e -° is Azumaya in 
codimension one if and only if £(w) + s(w) = N + s(wo) for all w G W such that A — £{w) < 1. 
In other words we need only check that s(woSi) = s(wo) + 1 for all 1 < i < r. By fl7| , Lemma 
7.6], however, this is equivalent to the condition — wo(ai) ^ oti for all 1 < % < r, in other words 
the involution — wq has no fixed points. This happens if and only if C is a Cartan matrix of type 
A 2n - □ 



2.8. The following result was proved in a ring-theoretic setting by Miiller, [28|. A discussion of 
the form given here can be found in []|, Paragraph 2.10]. 

Theorem. Let b G B~ and g G G. The blocks ofU^°(b) are in natural correspondence with the 
maximal ideals of Z(U^°) lying over m.^. Similarly, the blocks of O t [G](g) are in correspondence 
with the maximal ideals of Z(O e [G]) lying overm g . 

2.9. We recall the notion of representation type of a finite dimensional algebra T: 

(i) T has finite representation type if there are a finite number of mutually non-isomorphic 
indecomposable T-modules; 

(ii) T has tame representation type if T does not have finite representation type and if, for each 
dimension d > 0, there is a finite collection of T — C[x]-bimodules M, which are free as right C[x]- 
modules such that every indecomposable T-module of dimension d is isomorphic to Mi ®c\x] X for 
some i and some simple C[rc]-module N; 

(iii) T has wild representation type if there is a finitely generated T — C < x, y >-bimodule M 
which is free as a right C < x,y >-module such that the functor F(N) = M ®c<x,y> A from the 
category of finite dimensional C < x, y >-modules to the category of finite dimensional T-modules 
preserves indecomposability and isomorphism classes. By [|ll| T falls into precisely one of the above 
classes: we will say T is finite, tame or wild as appropriate. 



Theorem. [17, Theorem 7.1] In addition to the usual hypotheses on £, assume that £ > h. Let 



b G X w>e and g G X WljW2 for some w, w±,W2 G W. 
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(a) (i) If £(w) > N — 2 then U^-°(b) has finite representation type, 
(ii) If £{w) < N — 2 then U^°(b) has wild representation type. 

(b) (i) If £{w\) + (.(1V2) > 2N — 2 then O e [G](g) has finite representation type, 
(ii) If £{w\) + £{w2) < 2N — 2 then O e [G](g) has wild representation type. 



In Theorem [4.5| and Corollary |4.6| we'll complete the determination of the representation type of 
O t [G](g) and U^°(b) and remove the restriction I > h. 



2.10. We have a description of the algebras occurring in Theorem 2.9(a)(i). 



Proposition, [[l?], Theorem 7.7] Assume I > h. Let b G X WjS . 

(a) Assume £(w) = N. Then w = w$ and there is an algebra isomorphism 

£r-s(w ) 

U^°(b)^ MaV +s( » 0) (C) . 
3=1 

(b) Assume £{w) = N — 1. Then w = wqSi for some i. There are two cases: 

(i) wo(cti) = —cti - there is an algebra isomorphism 

gr-s(w ) 

U^°(b)= Mat £ i (iV+s(mo) _ 2) (W(sl 2 )] 
3=1 

(ii) wo(ai) 7^ — cti - there is an algebra isomorphism 

(jr — siwr)) — ! 

C[X]\ 



U?(b)*> M,t th(N+s(wo)) [^i j . 



We will see in Lemma 4.1 that the restriction £ > h can be removed from this proposition. There 



is also a corresponding description for the algebras in Theorem |2.9|(b)(i) given in [17, Theorem 7.4] 



One can recover this from Theorem 3.2 



2.11. Let us recall the definition of the (right) winding automorphisms for t7 e - (6) (respectively 



O e [G\{g)). Given a character of C/ e -° factoring through Ur°, 



X : U? — UP 



we define an automorphism r x of Uf by 

T x( x ) = ^2 x (l)X(X(2))- 

(x) 

Since Zq C C/ e -° is a sub-Hopf algebra on which x agrees with the augmentation e, we see that r. 



x 



acts as the identity on Zq. Therefore r x induces an automorphism on t7 e - (6) for any b G B . It is 
straightforward to check that for any £7 e -°(6)-module M the twisted module Tx M is isomorphic to 
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M (g> Cy. One argues similarly for The characters of Ur° are parametrised by Qi = Q/£Q. 

Namely, for any element /i G Q we have the one dimensional representation given by 

£U = and K x .l = e^. 

These representations are different for different choices of coset representative of £Q in Q, and every 
irreducible L r < r°-module arises in this way by Theorem |2.5|(a)(ii) applied in the case w = e. More 



generally, the following theorem is proved in [11, Theorems 4.5 and 4.10]. 

Theorem, (i) Let b G X w<e . If // G Q and S is a simple f/ e — -module, then T ^S = S if and only 
if{\,fi) G a for all A G P w . 

(ii) Let g G X W1W2 . If n G Q and S is a simple O e [G](g) -module, then TfJ -S = S if and only if 
(wi(A),/z) G a for all A G P w 2^i . 

2.12. We show that a subgroup of Qi acts simply transitively on the simple C/ e -°(6)-modules 
(respectively simple O e [G](g)-modules). 

Lemma, (i) The nondegenerate form 

(1) P xQ — ► C(q) : (q, 0) ^ 
induces a nondegenerate form 

(2) P < xQ < ^C:(a,^M 

(ii) There is an elementary abelian i-subgroup of Qi which acts simply transitively on the simple 
f7j-°(i>) -modules. If £ is prime to the order of w the subgroup can be chosen to be Q W /£Q W . 

(Hi) There is an elementary abelian l-subgroup of Qi which acts simply transitively on the simple 
O e [G](g) -modules. If £ is prime to the order of w^ 1 wi then this subgroup can be chosen to be 



Proof, (i) We overline to indicate images modulo £ in a Z- module. Now Pi = and Q 



7La.i, with (cti,vjj) = dijdi, a unit in Z when i = j. Thus Pi = (Qe)* and Qi = (Pg)*, as claimed, 
(ii) That Qi acts transitively on the simple C/ e -°(6)-modules follows from pj , Theorem 4.5]. Let 
b G X Wje , and write U for Z[dJ \ . . . , d" 1 ]. We write M' = M (g>z Z' for a Z-module M. Since 
(ai,Wj) = d{5ij, there is a perfect pairing 

( , ) : P' x Q' — » Z'. 

Suppose first that P' = P|®^. Since Q' = Homy (P', Z') via the perfect pairing, Q' = P[ L P^~. 
Let P /U) C P' and note that P' /P' w is torsion- free since nA G P' w implies that A G P' w . Hence 
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pi = P 'w eP ^ for some p^ xhus qi = Q 1 §Q 2j where Qi = (P' w )^ and Q 2 = {P^. Let fi G Q be 
such that (P w , fj>) C £Z. Since the integers cfj are prime to (thanks to our continuing hypothesis 
on ^ given in Paragraph |2.1| ) this is equivalent to (P' w ,fj,) C ^Z'. Write ^ = fJ-i + ^2 with /Uj G Qj. 
Then for A G (A, ^2) = (A,/i) € -ffl', so that (P' ',^2) C £Z'. Since the pairing is perfect, this 
forces \i2 £ ^Q2- Hence Q2/PQ2 operates simply transitively on the irreducible C/ e -°(6)-modules by 



Lemma 2.11 (i) . Now suppose that the order of w is prime to L Let Z" = Z'[ord(t(j) _1 ]. Working 
over Z", we can argue as above to find a decomposition P" = P" w © P 2 with P 2 < w >-invariant. 
We claim that Q 2 Q Q" w . This follows from the observation that (fj, — wfi, p" w ^ = = (/i — wfi, P 2 ), 
the first equality by < w >-invariance of the elements of P" w , the second by orthogonality and the 
< w >-invariance of P 2 . Thus we have a factorisation 



Q 2 /£Q2^Q2/Q2neQ w ^ Q l 

Since the right hand side and the left hand side both have £ r ~ s ( w ) elements this completes the proof 
of (ii). 

(iii) is proved entirely similarly. □ 

2.13. Recall that if S is a finite dimensional algebra on which a group G acts by algebra automor- 
phisms then we can form the skew group algebra of S by G, written S *G. As a left /S-module this 
is free with basis g £ G. Multiplication is given by extension of the formula s 9 g = gs, for s € S 
and g G G and where s 9 denotes the action of g on s. 

2.14. Let m : B + x B~ — > G be the multiplication map. Then m is a principal T-bundle onto the 
open, dense subset B + B~ of G. Let b\ £ X Wl>e and 62 € X e ^ W2 be unipotent, (the double Bruhat 
cells are T-invariant, so that we can find such representatives), and let g = m(b2, b\) £ X Wl<W2 . 

Proposition. |L7], Section 2.9] Let w\,W2 € W , g G G, b\ € B~~ and 62 £ B + be as above. Then 
there is an algebra isomorphism 

O e [G}(g) * Z$ — ► c^°(6 2 ) ® ^->i). 

3. The Azumaya locus of O e [G] 



3.1. Recall and Z q , the central subalgebras of CA^G] introduced in ^ and 2A respectively. 

We will denote SpecZ g by X and SpecO[G] n Z q by U. By Remark |J(1) ?7 is isomorphic to A 2r . 



Lemma. Let tt : X — > U be the (surjective) morphism induced by the inclusion 0[G] (~)Z q — > Z q . 
Write the points of U as 2r -tuples (b\ , . . . , b r , c\ , . . . c r ) under the identification in Remark 1 )■ 
If p £ U is such that b{ = = q for some i then every point of Tt~ l (p) is singular in X. 



THE RAMIFICATIONS OF THE CENTRES: QUANTISED FUNCTION ALGEBRAS AT ROOTS OF UNITY 13 

Proof. It is clear that ir factorises as tt\ x . . . x 7i> where 7Tj : SpecZ* — ► SpecO[G] n2!, It is 



k,k' 



therefore enough to prove this for the case r = 1. By Remark |2.4| (2) we can consider X as an affine 
variety embedded in A^ +1 (with co-ordinate functions a\(k)). Under this identification it takes 
(ao, • • • , at) to (do, at). Note that 7r _1 ((0,0)) = (0, . . . ,0). Indeed the equations 

ai{0)ai(k + k') i(k + k'<£, 

a>i(k)ai(k') = < 

ai(£)ai(k + k' - £) iffc + k' > £, 
show that a\ = as required. Define /fe^/ as follows: 

ai(k)ai(k') - ai (0)ai(k + jf) if k + A;' < £, 
ai(k)ai(k') - a^a^k + k' - £) if fc + k' > £. 
Recall that for p = (ao, . . . , a^) € X we define 

Then, by definition, the tangent space of X at p is 

T P X = ni< fc , fc ,< £ _i{x G A m : = 0). 

Since j./ is homogeneous of degree two it follows that for all k, k! 

f W = o 

which implies that dim(TgX) = £ + 1. Now Z g is finite over n Z g , so that X has dimension 2. 
Therefore (0, ... ,0) = 7r~ 1 ((0, 0)) is a singular point. □ 

3.2. The following proposition allows us to ignore some unfavourable points of X. 

Proposition. Let g G G be such that b^.(g) = = c^.(g) for some i, 1 < i < r. T/ien e [G](<?) is 
no£ Azumaya. 



Proof. Using Theorem |2.6| it is enough to show that any maximal ideal of Z lying over m 9 is singular. 
Denote Spec(Z(O e [G])) by Y, the fibre product X x v G. 

Claim. Let tt : Y — > X be the projection map. If x S X is singular then any point of 7f _1 (x) is 
singular in Y. 

Proof of claim. For ease of notation let R = Z q , S = Z q n 0[G] and T = 0[G\. Thus we are 
considering R (&s T where: 

(i) as an 5-module R is finitely generated and free; 

(ii) the algebra S is smooth; 
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(iii) all algebras are affine domains. Let xtir < R be the maximal ideal corresponding to i £ X, 
and suppose M lies over m.R. Define ms = M n S and m-r = M D T, maximal ideals of S and T 
respectively. We first show that 

(3) (R 0s T) M = R mR ®s ms T mT . 

Note that M = m.R <g>s T + R®s m T- This means in particular that if y €E R \ vxr and z G T\ mx 
then y ® z £ R ®s T \ M. So we have an embedding 

(4) A := R mR <g> Sms T mT — > (12 ® s T) M . 

Let x E R <S>s T \ M. If A were local then M^4 would be an invertible element, since MA is 

maximal. Therefore the map (||) would be an isomorphism, proving the claim. Thus it is enough to 
show that A is a local ring. Observe that by (i) the algebra R/msR is finite dimensional. Therefore 
localising this at m# yields another finite dimensional algebra R mR ,/msR mR - Nakayama's lemma 
implies that R mR is finite over S ms . Let m = hit A. Then 

A/m^R mR /m s R mR 

is finite dimensional, so Nakayama's lemma also implies that A is finite over T mT . Therefore m is 
contained in the Jacobson radical of A. However, since A/m is local it follows that A/ Jac(A) is local, 
as required. So we have proved (|3|). To complete the claim we must show that A = R mR ®s ms T mT 
has infinite global dimension. By hypothesis R mR has. We have a change of rings spectral sequence 

(5) Ext^ (k A ,Ext q RmR (A,M)) =^ Ext^(fc mfl ,M), 
for any 12 mfl -module M. By Frobenius reciprocity we have 

Ext^ fl (A, M) = Ext^ (R mR ® 5ms T mT , M) * Ext^^ (T mT , M). 
As S ms is smooth there exists a natural number Q such that 

Ext| rog (T mT ,M)=0, 

for all q > Q and all S^-modules M. If A were smooth there would be a natural number P such 
that 

Ext p A {k A ,M) = 0, 

for all p > P and all A- modules M. Then by dH) we have 

Ext£ m (k mR ,M) = 0, 
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for all n > P + Q and i? mi j-modules M, contradicting the singularity of R mR . Thus A must be 



singular, proving the claim. The proposition now follows from Lemma |3.l| combined with the 
claim. □ 

3.3. Now we can describe the algebras lying over the fully Azumaya locus - that is, we describe 
O e [G] (g) for g G T Gi rgi , in the notation of |2.6| . 

Theorem. Suppose g € ^w 1 ,w 2 ^^ r o4G] >' that is, I(wi)+i(w2)+s(w2 1 w\) = 2N. Lets = s(u>2 1 wi). 
Then there is an algebra isomorphism 

Proof. Let's write Z g for ^^p G [G \ ) • ^he equivalence in the first sentence is a consequence of 



Theorem |2.3| (b)(ii). By Theorem 2.5 there is an algebra isomorphism 



e> e [G](<?)^MaV (Z g 



We have isomorphisms 



Z g - 



Z q ®z nz q Z 
m g (Z g ®z nz q Z 



= Z q ®z nz q k mg 



Z„ 



{m g n Z q )Z q 

Here m g D Z q < Zq n Z q is, in the notation of Lemma |3.l| , specified by b^.(g) = bi and c e m . (g) = q. 



Recalling our decomposition in Remark 2.4(3), 



we see that Z g is the tensor product of rings Ri, for 1 < i < r, where 
(6) R l : 



{ai{0)-b t ,a t (e)- Ci )Zi 

Let's describe the possible structure of the rings Ri. Since O e [G](g) is Azumaya it follows from 
Proposition that we never have bi = = q. There are only two cases to consider, 
(i) bi 7^ 7^ Cj: in this case we have an algebra isomorphism 



16 



KENNETH A. BROWN AND IAIN GORDON 



Indeed sending X{ i — > aj(l) produces an isomorphism 

Since this is a semisimple algebra of dimension £, the isomorphisms in (|7|) are clear. 

(ii) hi ^ = Cj (the case 6, = 7^ Cj is the same by symmetry): in this case we have an algebra 

isomorphism 

C[X;1 



(8) 



R, 



Again sending Xj 1 — ► aj(l) yields the required isomorphism. To complete the theorem, recall that 
O e [G](g) has exactly £ r ~ s simple modules. But R4 has exactly t simple modules in case (i) and a 
unique simple module in case (ii). Therefore 

z(o t [G\) A ^ AcftLA c[Xi 



i=s+l 



{xf - 1) 



^ (xf,...,^) 



e 



□ 



Remark. 1. When O e [G]((7) is Azumaya then, by Theorem 3.3, the complexity of e [(jr](<7) equals 



2N - £(wi) - £(w 2 ), as shown in |17|. 

2. By [H, Theorem 2.8], the maximal ideals m 9 of 0[G] which are unramified in Z(O e [G]) form a 
(proper) subset of those for which O e [G]{g) is Azumaya, and one can read off at once from Theorem 
that this set consists of those m g with g in X WQjWQ . 

4. Representation type 



4.1. To obtain general results in this section we use Theorem 3.S to remove the restriction on £ 



in Proposition 2.10 



Lemma. The statement of Proposition 2.1(\ is valid without the restriction £ > h. 



Proof. For b G X WQ e this follows from Theorem (a)(ii). For b G X w e with £(w) = N — 1 the 
only point in [[l?]] where the bound £ > h was required was to deduce that the algebra U^°(b) is 
Nakayama, that is its projective indecomposable modules are uniserial. If we knew this to be so 
without the bound then the lemma would follow. Let b G X w e and b' G X e ^ WQ be unipotent and let 



g = b'b G X w Wo . By Proposition 2.14 there is an isomorphism 



O e [G\(g)*Z r e 



Uf°{b')®U^(b). 



>0i 
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As s(wqw) = 1 the algebra O e [G](g) is, by Theorem 3.3, a truncated polynomial ring in one variable. 
In particular it is a Nakayama algebra. By |3l], Theorems 1.1 and 1.3(g)] a skew group extension 
over C of a Nakayama algebra is again Nakayama. Therefore U-f°(b') ® U^°(b) is a Nakayama 
algebra. By definition b' 6 X e;Wo so by the first sentence of this proof C7 e -°(6') is a semisimple 
algebra, implying that the tensor product £7 e - (&') (g> U^-°(b) is a direct product of matrix algebras 
with coefficients in U^°(b). Hence £7 e - (&) is Morita equivalent to a Nakayama algebra and so must 
be a Nakayama algebra itself. This proves the lemma. □ 

4.2. We require a general lemma from the theory of finite dimensional algebras. 

Lemma. Let S be a finite dimensional algebra over C. Let G be a finite abelian group acting by 
automorphisms on S. Then S and the skew group algebra S *G have the same representation type. 

Proof. Suppose we have an inclusion of algebras S C T. Suppose further that T has a S'-bimodule 
decomposition T = S © M. Then, by [^, Proposition 2], the representation type of S is a lower 
bound for the representation type of T (where finite is less than tame is less than wild). It's clear 
that S is a bimodule direct summand of S * G. The character group of G, say H, acts naturally 
on S * G by 

x(sg) = x(g)sg, 

and by [31, Corollary 5.2] the algebras S and (S * G) * H are Morita equivalent (this uses the fact 
that \G\ is invertible in C). Combining this with the previous paragraph yields the lemma. □ 

4.3. The following lemma is the key to determining the representation type of the algebras 
O e [G](g). Note that its validity doesn't require that t > h. 

Lemma. Let wi,W2 € W and suppose g € X Wl W2 . If i{w\) + l{w<z) = 2N — 2 then the algebra 
O e [G}{g) is wild. 

Proof. The proof is based on the fact that the truncated polynomial algebra 

C[X,Y] 



has wild representation type if £ > 3. This is a consequence of [33, 1.1(c), 1.2]. In order that 
£{w\) + £(11)2) = 2N — 2 we must have one of the following for 1 < i < r and 1 < j < r: 

1. w\ = WQSiSj,W2 = wo where i 7^ j (and the symmetric case obtained by exchanging the roles 
of wi and W2); 

2. w± = woSi, W2 = WQSj where % ^ j; 
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3. Wi = W Si,W 2 = W Si. 



It follows from Theorem 2^ that Cases 1 and 2 are Azumaya so, by Theorem 3J3 

01 — 2 

[X,Y] 



Oe[G](g) 



(x*,Y*y 

Therefore O t [G](g), and each of its blocks, has wild representation type. Suppose we are in Case 



3. By Proposition |2.14| we can assume without loss of generality that there is an isomorphism 

lg : O e [G](g) * 7L\ — > Uf\b>) ® Uf\b), 

where 

g = b% 

for b € X WQSije and b' £ X ejWQSi unipotent. By Lemma |4~2] , it is enough to show that Uf°(b')<g>Uf i0 (b) 
is wild. By Proposition 2,10| (b) and Lemma 4.1 the algebras Uf°(b') and U^°(b) are isomorphic to 
direct sums of either 

Mat, (CM) , 

or 



Matt (U^°(sl 2 )) . 

Since Mat s (A) ® Matf (5) = Mat s t(A (g> 5) it therefore suffices to show that the following algebras 
are wild: 

m c [^ y ] ■ 

(ii) C^(sfe) ® 



(iii) L r r°(s[2) (8> t/r°(sl2). It's clear, however, that the algebra in (ii) (respectively in (hi)) is a 
skew group ring with coefficient ring C[X, Y]/(X , Y ) and group Z^ (respectively Z|). Applying 



Lemma 4.2 again and the comments in the first paragraph of this proof shows that these are indeed 
wild. □ 

4.4. We need a couple of definitions from the theory of finite dimensional algebras, [15| and [25, 
Chapter II]. Let 

Bil(n) = {bilinear maps m:CxC" — > C n } ^ A™ 3 , 



and 



Alg(n) = {associative, bilinear m which have an identity} C Bil(n). 
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As discussed in [15] Alg(n) is an affine variety, locally closed in Bil(n). The group GL{n) acts on 
Alg(n), the orbits being isomorphism classes of n dimensional algebras. We let Oa denote the orbit 
in Alg(n) of algebras isomorphic to A. We say that A' is a degeneration of A if Oa' ^ Oa, the 
closure of Oa- 



Lemma. Let g € X Wl>W2 and g' G X W1 ^ W2 . Then O e [G](g') is a degeneration of O t [G](g). 



Proof. By Proposition O e [G] is a free 0[G]-module of rank t = £ dimG . Let {x\, . . . ,xt} be a 
basis for this module and define cfj G 0[G] for 1 < k < t by the following equations, 

k 

Then for any g € G the structure constants of O e [G](g) with respect to the basis {xi + m^G^G]} 
are given by (g(c^A) = (c^Jg)). As a result the map 



n 



: G — ► Alg{t) C A' 3 , 



defined by a{g) = (c^-(g)), is a morphism of varieties. Let g € X WltW2 and g' £ X WliW2 . By Theorem 



2.3 X W1>V]2 is a dense open set of X W1}W2 over which all algebras in the family (a(z))^ g X ^ are 



isomorphic to O e [G](g). It follows from [25, Proposition 3.5 and Section 3.7] that A g i = O e [G](g') 
is a degeneration of O t [G] (g) . □ 

Remark. The above proof is also valid for the reduced quantum Borels. Namely, if b G X w e and 



b' £ X W)e then XJf °(&') is a degeneration of Uf°(b) 



4.5. The following statement was proved by Geifi in [16| 



(9) Let A' be a degeneration of A. If A is wild then so is A' . 

This allows us to complete the classification of the representation type of the algebras O e [G](g), 
without the restriction t > h. 

Theorem. Lett be good. Letwi,W2 £ W and suppose that g € X Wl)W2 . (i) If£(wi)+£(w2) > 2N—1 
then O e [G](g) has finite representation type, (ii) If £(w\) +£(102) < 2N — 2 then O e [G](g) has wild 
representation type. 



Proof. The first part follows directly from Theorem |3.3| . Indeed, if £(wi) + £{u)2) = 2N then the 
algebra O e [G](g) is semisimple whilst if £{w{) +£(102) = 2N — 1 then O e [G](g) is Morita equivalent 
to a direct sum of truncated polynomial algebras in one variable, hence Nakayama. Let ^ denote 
the Bruhat-Chevalley order on W. For the second part note that if £{w\) + £{u)2) < 2N — 2 then 



20 KENNETH A. BROWN AND IAIN GORDON 

there exists u, v G W such that w\ =^ u, W2 =4 v and i(u) + £{v) = 2N — 2. Arguing exactly as in 
fl32| , Theorem 2.1] it follows that 

X U:V = BuB n B~vB~ = J I X u r )V >, 



so g G X u «. Let </ G X U)U . Then by Lemma [4j| C? e [G](</) is wild and by Lemma iA O t [G](g) is a 



degeneration of e [G](</). Therefore, by (||), e [G](<7) must be wild. □ 
4.6. We now tackle representation type for J7 e -°(i»). 

Corollary. Let £ be good. Let w G W and suppose that b G X Wie . fi) If £(w) > N — 1 £/ien U^°(b) 
has finite representation type, (ii) If £(w) < N — 2 then C/ e -°(6) /ias toW representation type. 



Proof. The first part follows from Lemma 4T and the observation that Ur°(sl2) has finite repre- 
sentation type by Lemma [h^. For (ii), arguing as in the proof of Theorem |4.5| we see that it is 
sufficient to show that C/ e -°(&) is wild in the case that t(w) = N — 2, that is w = w^SiSj for i ^ j. 
Let g G X WoSiSj>Wo be such that 5 = b'b where b' G -X^teo and 6 G X WoSiSj)e are unipotent. By 



Proposition 2.14 we have an algebra isomorphism 

O e [G](g)*Z^Uf (b')®U^ (b). 



Since b' G X e<Wo we have, by Proposition 2.10| (a) and Lemma 4.1, an isomorphism 



p—s(w ) 

^°(6')= © Mat^ (JV+s(wo)) (C). 

Therefore 

f>r-s(w ) 

O e [G](g)*Z r £ ^ Mat^i (JV+s(roo)) (t£ (&)) . 
So U^°(b) has the same representation type as O t [G](g)*'I J ' r e and hence, by Lemma L2, as O e [G](g). 



Now apply Theorem 4.5. □ 
Remark. When b is the identity element of B~ the results of the corollary were obtained in ||. 

5. Algebras with group actions 

5.1. Let R be a finite dimensional fc-algebra and G be a finite abelian group. Assume that the 
characteristic of k is prime to the order of G. Suppose G acts as algebra automorphisms on R, so 
we have a group homomorphism 

T : G > Aut k _ a i g (ii). 
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If M is a finite dimensional i?-module we let 9 M denote the i?-module whose underlying abelian 
group is M and whose action is given by r • m = T{g)^ 1 {r)m. Given g G G there is a functor 

F g : R — mod — ► R — mod, 

which takes M to 9 M and sends / : M — ► N to / : 9 M — > 9 N. Fix a simple i?-module V and let 
^"(5) = 9 V- Throughout this section we shall assume that 

{V(g) : g G G} is a complete set of non-isomorphic simple R-modules. 

In particular, this assumption implies that r is a monomorphism, and that the simple modules 
share a fixed fc-dimension, t say. Fix P, a projective cover of S, and let P(g) = 9 P. By the above 
assumption 

Q = ®P(g) 

is a projective generator for R — mod. Let E = Endj?(Q). Given g G G let o~ g : G — ► G denote the 
left regular action, that is o- g (h) = gh. Considering elements of Q as ordered |G|-tuples of elements 
of P we can define if) g : Q — > Q to be the additive map which acts as the permutation o g on the 
I G I -tuple. In other words an element concentrated in the h th position is sent to the gh th position. 

Lemma. For g G G let ip g : Q — ► Q be as above. Then 

(i) ip g (r ■ q) = r(g){r) ■ ip g (q) for all r G R and q G Q; 

(ii) ^ g tp h = if} gh . 

Proof. The second claim is obvious. For the first we can assume that q is concentrated in the h th 
position. Then 

Mr ■ q) = Mr(h)-Hr)q) = r{h)-\r)q, 

where the right hand side is concentrated in the gh th position. On the other hand, since ip g (q) is 
non-zero only in the gh til position, we have 

r(9)(r) ■ MQ) = r(gh)-\r{g){r))q = r{h)-\r)q, 



as required. 



□ 



22 KENNETH A. BROWN AND IAIN GORDON 

5.2. For g € G let f (5) : E — > E send (f> to the map if} g o o The lemma ensures that this 
is a well-defined fc-algebra automorphism and that the induced map 

t ■ G — > Aut fc _ alg (£°P) 

is a group homomorphism. Repeating the comments of the first paragraph of this section we have 
a functor 

F g : E op - mod — ► E op - mod, 

sending N to 9 N and fixing homomorphisms. Observe that Q is an (R, £? op )-bimodule with r-q-(/> = 
cj)(r ■ q) for sll r £ R, q £ Q and <f> E E. There is an equivalence of categories 

R — mod — ► E op — mod 

given on objects by sending M to Homji(Q,M). The inverse equivalence sends N to Q ®e°p N. 
This equivalence induces two functors for each g £ G, namely 

ot g , (3 g : R — mod — ► R — mod 

where a g (Q ®e°p N) = g Q ®e°p N and P g (Q ®e°p N) = Q ®e°p 9 N. So a g corresponds to F g and 

Pg tO F g . 

Proposition. The functors a g and (5 g are naturally isomorphic. 

Proof. Let 9 g : Q <S>e°p N — > 9 1 Q ®E°p g N send q <8> n to ip g (q) <8> n. We must check this is 
well-defined. First note that, for <fi £ E° v ,ip g (q<fi) = ipg(q)f(g)(^>). Thus we have, for q £ Q and 
n£ N, 

O g (q(f>0n) = ip g (q(/)) <8> n 

= ipg(q)f(g)((f>) ® n 

= ®T(g)(4>) -n 

= il> g (q)®<f>n 
= 6 g (q®4>n). 
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Moreover 9 g is an i?-module isomorphism, since, for r G R, 

6g(rq®n) = ip g (rq)®n 

= T{g){r)ip g (q)®n 
= r-ip g (q)®n 
= r-6 g (q®n). 

Since 9 g is natural in N it follows that a~ 1 f3 g is naturally isomorphic to the identity functor. One 
shows similarly that fig~ x a g is also naturally isomorphic to the identity functor. □ 

Given g G G let ix g G E be the primitive idempotent corresponding to projection onto P{g) followed 
by the canonical injection of P(g) into Q. For h G G it is easy to see that we have f(/i)(7r 9 ) = 717^. 
Since 9 Eop Q = e°pQ for all g G G, one sees that Q is a free .E op -module of rank t for some t > 1, so 
that 

R = Matt(S') where S is a basic algebra on which G acts permuting 
a set of minimal primitive idempotents simply transitively. 

Notice that t as it appears in the above statement coincides with its earlier definition as the (shared) 
dimension of the simple i?-modules. We let {e g : g £ G} be the above set of minimal primitive 
idempotents of S, and let X = X(G) be the character group of G. Since G is abelian we have a 
decomposition 

where S x = {s G S : T(g)(s) = x{d) s }, so that S is an X-graded algebra. Given x £ X we define 

Vx = ^2x'H9)e g G S x . 

g<=G 

If the exponent of G is £ then we find 

4 = E^V)4 = £e s = l; 

g&G g&G 

moreover, for %, 7] G X with 

Thus y x is a unit in S x for % G X, and Yl x ex ^Ux * s a subalgebra of 5 normalising Si, and 
isomorphic to kX and hence to kG. 
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Theorem. Retain the notation and hypotheses of the above paragraphs. There is an isomorphism 
S = S\ * G, where the right hand side is a skew group ring. Moreover S± is scalar local. Thus 
R Mat t (5i * G) = Mat t (5i) * G. 

Proof. The discussion above shows that R is a skew group ring R\ * G, and that we may reduce 



to the case where R is a basic algebra. By [29, Theorem 4.2] J(R±)R = J(R). By Lying Over for 
R\ Q R, [29, Theorem 16.6], we deduce that R\ is a basic algebra. Thus R\/ J{R\) is a finite direct 
sum of copies of k. Commutativity of R/J(R) forces the action of G on R\/ J{R{) to be trivial. 
Since there are exactly \G\ simple R- modules it follows that R\ is (scalar) local. □ 

5.3. Blocks and quivers. The blocks and quiver of S, (and hence of R), are determined by the 
conjugation action of its subgroup G on J(S\)/ J(Si) 2 . We make this statement precise through 



the Morita equivalence of Paragraph 5.2 and the following result. See M for the terminology used 



here, recalling also the definition of a multiply-edged Cayley graph from 1.3 



Proposition. Let T be the skew group ring T\*G of a finite abelian group G over the scalar local 
finite dimensional k-algebra T\, with k algebraically closed of characteristic not dividing \G\. Let J 
be the Jacobson radical ofT\, so J/ J 2 is a kG -module under the conjugation action 

g.{t + J 2 ) = gtg~ l + J 2 , 

for g € G and t £ J. Let 

(10) J/J 2 = V i mx) 

be the decomposition of J/ J 2 as a direct sum of irreducible kG-modules under this action. Define 

Y := Y(G, T) = < X :m x ^0> C X(G), 

and 

D := C(G,T) = C G {J/J 2 ) = {g£G:x(g) = lforall X £Y}. 

(i) The quiver Qt of T has vertices {v x : \ £ X(G)}, and an arrow v v — > if and only if 
fj, = rjx^ 1 for some x with m x ^ 0. 

(ii) The number of blocks ofT is |^(G) : Y\ = \D\. 

(Hi) Each block of T has an identical quiver, namely the multiply- edged Cayley graph ofY with 
respect to the generating set {x~ l '■ m x ^ 0} °fY, with m x copies of the edge x~ l starting at each 
vertex . 
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(iv) The following statements are equivalent: 

(a) The blocks ofT are trivial. 

(b) Y = {1}. 

(c) G centralises J /J 2 . 

(d) T is the ordinary group ring T\G. 

Proof, (i) Since J(T) = J*Gby [29, Theorem 4.2], T/J(T) = kG, so that T is basic and has quiver 
with vertices labelled by X(G). By definition (see e.g.[|], page 65]), to find the arrows of the quiver 
of T we may assume without loss that J 2 = 0. The orthogonality relations for kG show that the 
primitive idempotents of kG (and hence of T) are {e x = 1/\G\ ]C 9 eG x(<? _1 )<? '■ X £ X(G)}. Taking 
a basis for J consisting of eigenvectors v x € V x with respect to its structure (|To| ) as &G-module, 
and noting that e^v x e v is non-zero if and only if [i = rjx^ 1 , one finds e^Je v is non-zero if and only 
if /jL = rjx , proving (i). 

(ii) It's clear from (i) that two vertices v v and are in the same connected component of the 
quiver if and only if r\ and \i are in the same coset of Y in X(G). The final equality is obvious, 
since Y = X{G/D). 

(iii) Immediate from (i). 

(iv) (a) (b): By (ii). 

(b) (c): By definition of Y. 

(c) ==^ (d): It's easy to show that any choice of lifts to J of a basis of J/ J 2 generate J as a 
Ti-module - see for example |l[ Theorem 111.1.9(a)]. Thus, if (c) holds then G operates unipotently 
on J and hence on T\. The assumption on the characteristic of k ensures that the action of G on 
T\ is completely reducible. So (d) follows. 

(d) ^> (a): Trivial. □ 



Remark. For the applications of Proposition p,3| below it's convenient to formulate the following 
easy generalisation. Namely, suppose that T is a finite dimensional fc-algebra containing a group 
algebra kG of a group G whose order is invertible in k, such that the primitive central idempotents 
of T are precisely the primitive idempotents of kG. Then conclusions (i), (ii) and (iii) of the 
proposition remain true, with J(T) replacing J. 

6. Reduced quantum Borels 

6.1. Let w € W and choose b £ X W)( ,. From Lemma 2.12| (ii) and the theory developed in Section 
5, we know that U^°(b) is a matrix ring over a skew group ring whose coefficient ring is scalar local. 
We proceed now to identify the components of this structure. 
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Let reduced expression for wasa product of simple reflections, so 

(11) £(w)=t, 

and let (3^,. . . , j3i t be the corresponding ordered subset of the positive roots of q, with corresponding 
PBW-type generators Ep t , . . . ,Ep it in £/ e -°, [21, Theorem 8.24], which we renumber respectively 
as Pi, . . . ,Pt and as Ep 1} . . . , Ep t . Writing wq = ww\ for an element w\ of W with £{w) + l(wx) = 
N = £(wo), we obtain corresponding PBW-type elements Ep 1 , . . . , Ep t , Ep t+1 , . . . , Ep N of ?7 e >0 . Set 
A(b) to be the subalgebra of C/ e >0 (6) generated by the images in the latter algebra of Ep 1 , . . . , Ep t . 
(We'll abuse notation by using the same notation for the image of En. in A(b), for % = 1, . . . , t, and 
also in U>°(b), for % = 1, . . . , N.) Now 

U^°(b) = U>°(b)*P i , 

a skew group ring. By the PBW-type theorem, 

drm c (C/>°(&)) = l N , 

with basis {E^E™ 2 . . . E^ N : < m* < £}. In a similar way, dim c (A(6)) = P. Note that A(b) is 
normalised by Pi in its conjugation action on U^°(b), so that A(b) * Pi is a skew group subalgebra 
of Up(b), and 

(12) dim c (A{b) * P E ) =£ t+r . 



By [11, Theorems 4.4 and 4.5] and [fi7t Corollary 2.8] A(b) and A(b) * Pi are semisimple, so that 
(13) A(b) *P £ n J(U^°(b)) = 0. 

By Theorem 2.11| (i), 



(14) dim c {U^ (b)/J{U^°(b)) = f-s( w )^i/2(t+s{w))^ = r+ t_ 
We conclude from (||), (g|) and (|D that 

(15) [^ (fc)/J(£^ (fc)) - A(6)*P £ . 



Notice that ( |i~5| ) explains the correspondence between simple C/ e -°(6)— and ^4(6) modules, [11] 
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6.2. Thanks to Lemma |2.12| (i) there is a canonical isomorphism between Qg and the character 
group of Pi, given by a i — ► e^' - -*. Thus Pg and Qi are isomorphic groups, but we shall nevertheless 
use the two notations to denote (respectively) the group of automorphisms of J7 e - (6) induced by 
conjugation by its subgroup Pg of units, and the action of Qg by right winding automorphisms. 

Lemma. Keep the notation as above and in the previous subsection. 

(i) A{b) acts faithfully on each simple U^°(b) -module. 

(ii) The only ideals of A(b) which are Pg-invariant are and A{b). 



Proof, (i) By Theorem |2.11 (i) the winding automorphisms afforded by Qg permute the irreducible 
^ e '(&) -modules transitively. Thanks to the definition of the coproduct and of the winding auto- 



morphisms (see (2.11)), the latter act trivially on A(b). Hence, if a simple A(5)-module does not 
feature in a component of any one simple L r (E -°(6)-module, then that simple A(6)-module doesn't 
feature in any of the simple C/ e - (6)-modules. But this would imply that J(C/ e -°(6)) n A(b) ^ 0, 
contradicting So each simple U^°(b) -module is faithful for A(b). 

(ii) Suppose I were a non-zero proper P^-invariant ideal of A{b). Then, thanks to (|l5|), I := 
I * Pg + J(C/ € -°(6)) would be a proper (two-sided) ideal of f7 e - (b) , and I would then annihilate a 
simple C/ e -°(6)-module V. Thus IV = contradicting (i). □ 

6.3. The following lemma is a special case of |3(], Lemmas 6.1.5, 6.1.6]. 

Lemma. Let R be a ring and let 1 = e\ + e<i + . . . + e n be a sum of orthogonal idempotents. Let 
G be a subgroup of the group of units of R and assume that G permutes {ei, . . . , e n } transitively by 
conjugation. Then R = Mat ra (S'), where S = e\Re\. 

6.4. Now let 

1 = e\ + e 2 + • • • + e n 

be a decomposition of 1 G A(b) as a sum of primitive central idempotents of A(b), and let 

H := Cp t (ei) = {x G Pg: xe\ = e\x). 



Since Pg is abelian and since, by Lemma 6.2 (ii), 
(16) Pg acts transitively on {e%, . . . , e n }, 

H = r\2 =1 Cp e (ei). Let the dimension of a simple ^4(6)-module be u, so 

A(b) = (Mat n (C)) e(n) . 
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Thus ei(A(b) * Pi)e\ = Mat u (C) * H, and it follows from Lemma 6.3 that 
(17) A(b)*P e Mat n (Mat u (C) *H). 

By the Skolem-Noether theorem the action of H on Mat u (C) is by inner automorphisms. So by 
[29|, Proposition 12.4], ([[7]) yields 



(18) A(b)*P e = Mat nu (C) ®c C l H , 

for some twisted group algebra C H of a group H isomorphic to H. Thus t : H x H — > C* is a 
2-cocycle, for which we set 

Hq := {h £ H : t(h, a) = t(a, h) for all a G H}, 

a subgroup of H. 

Lemma. Z(Mat nu (C) ® 0H) = C*^ - 

Proof. See ||, Ex.3, p. 176]. □ 
6.5. By (|l8|) , Lemma |6.4| and the known parameters for A(b) * Pi (see Theorem fl2.1lD (i)) , 

(19) \H \ = f~< w ). 



Tracing through the isomorphisms (|l7D, ( |T8[ ) and Lemma 6.4, one sees that the centre of A(b) * Pg, 
C l Ho, is a group algebra of a group Hq, where 

(20) H = {a x x:xeH }. 

Here, C*i?o is actually an ordinary untwisted group algebra of because it is commutative, 
by Lemma 1.2.9], and Hq is a subgroup of H (which itself is a subgroup of Pi); and, for 
x G Hq,(x x G A{b) is a unit, conjugation by which coincides with the action of x^ 1 by conjugation 
on A(b). Our aim now is to identify Hq. To do so we must 

(21) assume that I is prime to the order of w. 
Let 

X := {x G Qi : t x fixes the simple A(b) * Pp — modules}, 



in the notation of 2.11. Thus X fixes the primitive central idempotents of A(b) * Pg. Note that 
Qi, (and hence X), act trivially on A{b), by the definition of the coproduct. Thus, in view of (|i~8|), 
Lemma |6.4| and (p 



(22) X = C Qe (H { 



a ■ 
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On the other hand Theorem 2.11| (i) states that 



(23) X = C Qe (If>). 

Thus, from (f2^), ( p3| ) and Lemma 2.12| (i) we conclude that 



(24) H = C Pl {X) = Pf. 

We summarise what we have proved in the following theorem. 

Theorem. Let b E X w ^ e and suppose (in addition to the standing hypotheses \2.1\ on t) that £ 
is prime to the order ofw. Then the primitive central idempotents of [/ e - (&)/J(C/ e -°(&)) are the 
images of the primitive idempotents of the subalgebra CP™ of A(b) * Pi C f/ e -°(6). For x € P™ 
there is a unit a x in A(b) such that Pf = {a x x : x G Pf}- 

6.6. We require a lemma concerning roots. 



Lemma. Let w = Si 1 . . . Si t € W with £(w) = t, and let A w = Y2j=i ^ftji i n the notation of 6.1 



Then 



t 



a w — y . 



iOLi.. 



Proof. It is clear that A w C Yfj=i ^ a ij since by construction j3j is a combination of the simple 
roots oti k for 1 < k < £{w). We prove the opposite inclusion by induction on l(w) = t, the case 
i{w) < 1 being trivial. Let w' = Sj 2 . . . Sj t so that £(w') = t — 1, and let . . (3t-i be the set 
of positive roots corresponding to w' . We have j3\ = and 0k = s^^k—l) = $k-i + n fc a u f° r 
2 < k <t and r^eZ, Therefore 

a^ = y^z^fc-i c a^, 

fc=2 

and so A^/ + Za^ C By induction A w i = Yl\=2 ^ a ik so we nave S|=i ^ a ik — Ad as 

required. □ 



6.7. Blocks and quiver for U^°(b). Retain hypothesis (|2l|). From Theorem 6.5 we see that the 
hypotheses of Remark |5.3| apply. To state the consequences for U^°(b) it remains only to identify 



the groups G and D, or equivalently X(G) and Y, in Proposition |5.3| . We already know from 



Theorem p.5| that G = Pf . Since 

J(U^(b)) = J(U>°(b))*P e , 
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we can write 

Jl = J(U?°(b)); 

then 

D = Cpw(Ji) = Cpw(Ji/Ji)), 
and we'll denote this group by Cf. 

Theorem. Continue with the notation and hypotheses of this section. In particular, b € X w>e with 
i prime to the order ofw, and w as in \6. 1\ Let d be the number of simple reflections not occurring 
in a reduced expression for w. 

(i) The number of blocks ofU^°(b) is \Cf\. 

(ii) Set B w = (A W ) L = (£5=i z j9j) , a subgroup of P. Then B w C P w and Bf := B W /£B W C 
Pf, with Bf n Cf = 0, and \Bf\=£ d . 

(iii) The quiver of each block ofU^°(b) is a multiply -edged Cayley graph of Pf /Cf with respect 
to the generating set given by the inverses of the weights of Pf on J\j jf. In particular, Bf embeds 
in (the set of vertices of) each block. 



Proof. Only (ii) and the final sentence of (iii) are not immediate from Remark 5.3. By Lemma ^ 
(25) B w = ^2Zvuj 

where the sum is taken over the set C w of all zuj such that Sj does not appear in a reduced expression 
of w. Thus each such Wj is fixed by w and we have B w C P w . The same argument shows that 
Bf C Pf. That \Bf\ = £ d is clear from (|25|). Finally, note that for x G Bf, the corresponding unit 
a x of A(b) is just a scalar, since Bf commutes with A(b). Since these scalars have trivial action on 
J\j j\, the final sentence of (iii) follows. □ 

6.8. The following lemma is useful for calculations. 

Lemma. Let w = s^ . . . S{ t be a reduced expression. Then £{w) = s(w) if and only if ij ^ if. for 
all j 7^ k. 

Proof. Recall that s(w) is the minimal length of w when written as a product of arbitrary reflections. 
Suppose that ij = n = if.. Then 

s ij ■ ■ ■ s ik = { s nSi j+1 S n )(s n Si j+2 S n ) . . . {s n Si k _ 1 S n ) = s s n (a ij+1 ) s s n (a ij+2 ) ■ ■ ■ S s„(a ik _ 1 )i 
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so £{w) > s(w). Conversely suppose that ij ^ if. for all j ^ k. We prove that l(w) = s(w) by 
induction on £(w), the case of £(w) < 1 being clear. Let w' = s^w so that £{w') = £{w) — 1. 
Suppose that (3 = J2 n i a i ^ Q w ■ Since a reduced expression of w' does not contain the simple 
reflection we deduce that if w'/3 = n 'i a i then =n' i . As (3 € Q w we have 

w'P = Si t (3 = (3— < (3, > ai 1 . 

As a result < f3, >= 0, implying that w' (3 = (3. Thus P w C P w and so we are in the case where 
p w = pw' n ps% ( gee Section 5.3]), so that s(w) = s(w') + 1 = + 1 = £{w). This proves 
the lemma. □ 

6.9. We now have an upper and a lower bound on the number of blocks of U^°(b) for b € X w ^ e . 



Namely, if k is the number of simple modules in a block then it follows from Theorem 3.7 that, 
with d as defined there, £ d < k < £ r - s ( w ). We present a sufficient condition for these bounds to 
agree. 

Corollary. Let b € X w ^ e where w = Sj x . . . Sj t is a reduced expression such that ij ^ i^ for all 
j ^ k. Then C/ e - (6) has a unique block. 



Proof. By Theorem |6.7| (ii), under the hypothesis of the corollary Bf has cardinality £ r . By 
Lemma |6.8|, t = £{w) = s(w), proving the corollary, in the light of Theorem |6.7Kiii). □ 



Remark. Under the circumstances of the corollary, its proof together with Theorem |6.7| (iii) shows 
that the quiver of U^°(b) is a multiply-edged Cayley graph of Pf , that P™ = Yl^eCw ^ m ji an< ^ 
that the graph includes an arrow starting at each vertex for each fundamental weight Wj in C w . 
But we don't know whether additional arrows can also occur in the Cayley graph, besides copies 
of these ones. 

6.10. In many cases we can determine the number of blocks of t/ e -°(6) for all b € B very easily. 



Theorem, (i) Let b G X Wj( , and b' € X w>e . Then the number of blocks of t/ e -°(6') is no greater 
than the number of blocks ofU^°(b). 

(ii) For b G B the algebra U^°(b) has at most £ r ~ s \ w o) blocks, and this upper bound is attained for 
b in the (open, dense) stratum X Wo>e . 
(Hi) The following are equivalent: 

1. Z(U*°) = Z ; 

2. s(w ) = r; 
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3. the Cartan matrix C is of type B r , C r , D r (r even), E-j, E%, F4 or G2; 
4- for all b £ B, £7 e -°(i>) has a unique block. 

Proof, (i) By JTa , Proposition 2.7] the set {A € Alg(n) : number of blocks of A < s} is closed in 
Alg(n). Thus, by Remark [4,4] the algebra C/ e -°(6 / ) has no more blocks than £/ e -°(6). (ii) For b 
in the non-empty open set X Wo e of B~ , U^°(b) is semisimple with ^ r ~ s ( w o) simple modules, by 
Proposition 2.1C. The first part of the claim now follows from (i). (iii) 1 -4=^> 2 : Since Zq 



is integrally closed, Zq ^ Z(f7 e -°) if and only if these algebras have distinct quotient fields, and 
this happens if and only if, for a generic maximal ideal m of Zq, Z/mZ ^ C. Since the generic 
maximal ideal of Zq is contained in a maximal ideal of Z unramified over Zq, we can conclude that 
Zq G Z(C/ e -°) if and only if there is a maximal ideal of Zq contained in at least two maximal ideals 



of Z. So the equivalence now follows from Theorem 2^ 
2 <=> 4: By (ii). 



2 3: This can be read off from [17, Table 1]. □ 



6.11. Examples. We illustrate the above analysis with a couple of examples, (i) R = Ur°- In 
this case the simply transitive group of winding automorphisms is Qi. A simple calculation yields: 

r CH (E j ) = E j 
A set of primitive idempotents of R is given by 



\eP e 

for n € Qn. Thus T ai (e^) = e M+Qi . In the notation of Section 5 it is easy to check that R\ is the 



subalgebra of R generated by the elements E% for 1 < i < r, so is just U>°. Under the identification 
of X(Qi) with Pi using the inner product, it is straightforward to check that y\ = K\ for all A € P(_. 
Therefore the analysis of the Section 5 recovers the well-known description of Ur° as a skew group 



extension of U>°. Note too that in this case B\ = Pi so there is a unique block. In fact one can 
check that J\ j J\ has a basis given by the images of E\ , . . . ,E r . The quiver of R (together with 



its relations) is described in [19]. (ii) R = U- (b) where b € X w ^ e with w = wqS{. The following 



descriptions can be read off from []l7| , Theorem 7.7]. We present the algebras in the format of 



Proposition 5.2, that is as matrix rings over skew group algebras whose coefficient rings are scalar 



local. There are two cases, depending on the value of WQ(cti). In the ring-theoretic context of 



Proposition 5.3 the dichotomy is determined by whether or not Pf acts trivially on the Jacobson 
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radical. 

(a) wo(ai) = —014. Here, 



U^°(b) MaV/ 2{ ^_ 1+s(l „))(C/r (5[ 2 )®CCf), 



where \Cf\ = £ r - s ( w )- 1 = gr-s(w ) anc j we no ^ e that Ur°(sl2) is a skew group extension of a basic 

algebra as in (i). 

(b) wo(ai) 7^ — a.i. In this case, 

U}°{b) =i Mat eimN - 1+s(w)) (C[X]/ <X e > oCCf), 

where Cf = Ff, and \Pf\ = f~ s ( w ) = ^-*(«o)-i. 

7. Reduced quantised function algebras 



7. 1 . Recall the definition of b VJi , c VJi G O t [G] given in 1^4 



Lemma. Let g G G. T/ie number of blocks in O e [G\{g) equals £ d where d is the cardinality of the 
set{l<i<r: ^(g)? ■ 



Proof. We freely use the notation of the proof of Theorem |3.3| . By Theorem 2.8 it is sufficient to 
show that Z g has exactly d maximal ideals. By the proof of Theorem 3J3 



i=i 



where Ri is as in (||). Let 6j = b e m% (g) and Cj = ^.(g). We have already seen in (0) that if 6i ^O^q 
then R{ is isomorphic to C , whilst if bj 7^ and Cj = then Ri is isomorphic to C[X]/(X e ) by (|8|). 
It remains to consider the case 6« = = q. In this case inclusion provides an isomorphism 

C[Xi, . . . ,Xjt-.i] 

p R i 

i 

where /' is the ideal generated by X^Xy for all k and k' . Since this is manifestly a local ring, the 



result follows from these calculations and Theorem 2.8. □ 



7.2. As noted in Appendix] the elements b^.,^. G 0[G] can be interpreted as the classical 
analogues of the quantum matrix coefficients b VJi and c VJi . In other words b~j. (respectively c e m J 
is the classical matrix coefficient cf 1 (respectively c~^ w °™\, ). Here we have used c to 

distinguish the classical matrix coefficients from their quantum analogues. 

Lemma. Let g G X WlW2 . The algebra O e [G](g) has exactly £ d blocks where d is the cardinality of 
the set {1 < i < r : wqWi,woW2 G Stabpi/(tUj)}. 
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Proof. Let's write Bi G 0[G] for the regular function bf^., and similarly Cj for c^. . Let w be an 
arbitrary element of W. We have /- u , oroi (6w6'f roi ) G C* f^ mmi (bwv mi ) for b,b' £ B since is a 
highest weight vector. Hence Bi(bwb') = f^Q^Qrwb'v^) is not identically zero if and only if wv VJi 
is a lowest weight vector, and in this case it is non-zero for all b, b' G B. Note that this happens if 
and only if wwi = WQWi. A similar analysis applied to Ci shows Ci(bwb') ^ for some b,b' G B if 
and only if Ci(bwb') ^ for all b,b' G B if and only if wv- UJi is a highest weight vector. That is, 
if and only if —wwi = —woWi. We conclude from the previous paragraph that if g G X WltW2 then 
Bi(g) 7^ and Ci(g) ^ if and only if wqWi,woW2 G Stabw(wi)- The lemma now follows from 
Lemma |7.1| . □ 



7.3. Recall the definition of the winding automorphisms given in |2.11 . For the rest of the paper 
we will fix w\,W2 G W and assume that t is prime to ord(w 2 _1 u;i). 

Theorem. Let g G X WltW2 and let w = w\. Let N(wi,W2) Q Qf be the normaliser of one 
(hence any) block of O e [G](g) with respect to the (right) winding automorphisms. Let &(wi,W2) = 
{1 < i < r : wqWi,woW2 G Staby^roj)}. Then 

N( Wl ,w 2 ) = Qfn( Yl 



Proof. By Theorem 2.8 different blocks arise from the different maximal ideals of Z lying over m g , so 



we need to see how these are permuted by the right winding automorphisms. By f^J such maximal 
ideals are determined by the central elements b^.c ~^ for 1 < i < r, < k < £. Hence we need only 
study the action of the winding automorphisms on and c VDi . By definition b VJi = 
where both f- W0VJl and v VJi are highest weight vectors. Therefore 

3 

where {fj} and {vj} are dual bases of V{w,j)* and V{wi) respectively. Let j3 G Qi. We have 



e (/3,TA7i) •£ f_ WQW , anci V j are dual, 



otherwise. 



Therefore, letting rg denote the right winding automorphism of defined analogously to those 

for in |2.11| , ^(b^J = e^' m ^b mi . Similarly, we find that ^(c^) = e~^ ,mi ">c mt . We have shown 



that 
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As in the proof of Theorem 3.3 the maximal ideals of Z lying over m g are obtained by piecing 
together the maximal ideals of the algebras Ri for 1 < i < r (notation of the proof of Theorem |3.3D . 
These maximal ideals in turn depend on the vanishing behaviour of (g) and c^.(g). Specifically 
if b e m _ (g) = or c^. (<?) = then Ri has a unique maximal ideal whilst if b w . (g) ^ / (g) then 
Ri is semisimple with exactly I maximal ideals. In the second case it follows from the previous 
paragraph that the winding automorphisms permute the primitive idempotents of Ri non-trivially 
unless (0,zui) G £L. Hence the same is true of the maximal ideals. We deduce that the normaliser 
in Qi of a block of O e [G](g) is simply the subgroup 

{P € Qi : (P,Wi) G a whenever b^g) + + 4 (<?)}. 



By the proof of Lemma ~L2 this equals the subgroup 

{13 G Qi : ((3,zui) G tTL whenever wqWi,WqW2 G Stably (^i)}- 

The theorem follows from Lemma 2.12| (iii). □ 

7.4. Let g G X WltW2 and let w = wi- The factor group Q™/N(w\, W2) acts simply transitively 
on the blocks of O e [G](g). We claim that this factor group is an elementary abelian ^-group of rank 
the cardinality of &(wi,W2), where &(wi,W2) is as in the statement of Theorem \l.3\ To see this 
recall from the proof of Lemma 2.12| that we have a < w >-invariant decomposition Pi = Pf © Pg. 
Moreover, since i is prime to the order of w, we have Qf = {Pi)^. By definition there is an 
isomorphism 



N( Wl ,w 2 ) Eit6( wl , W2 )Zai 
If i G 6(^1,102) then ww-i = (w W2)~ 1 (woWi)w i = Wi. Thus YLi£.&( Wx ,w 2 ) - P T wnic h in tum 
implies that X^eS(>i w 2 ) '^ jWi n ^£ = ^- We deduce that 

i£&(wi,W2) i£&(wi,w 2 ) i£&(wi,w 2 ) 



Therefore Qf + Yliietwi w 2 ) = an( ^ we see ^at ^ ne f ac t° r group is isomorphic to 

Qt 

Sig6(lDi,lU2) 

an elementary abelian ^-group of the required rank. Summing up, we have shown: 
Corollary. Let g G X WljW2 . Write w = W\. 

1. O e [G](g) has ^(e^i,^)) Uocks, each containing ^-s(w)- C axd(e(wx,w 2 )) simple mo d u les. 

2. The quiver of each block of O e \G\{g) is a multiply-edged Cayley graph of N(w\,W2)- 
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7.5. Examples, (i) Suppose first that g G X efi . Here we have S(e, e) = and so N(e, e) = Qi. In 
particular there is only one block. The quiver (and the relations) are described in (|i~9f . 
(ii) Suppose that g £ G lies on the Azumaya locus. Recall from ( |2.5[ ) that this can be expressed 
by the condition that g € X WljW2 where £{w\) + £{102) + s^^wi) = 2N. Let u = wqW\, v = wqW2 
and w = v~ l u = w^wi. Thus £{u) + £(y) = s(w). We have inequalities 

£{w) < liv^+iiu) = s{w) < £(w), 

which must be equalities. In particular £(w) = s(w) so by Lemma |6.8| w = . . . Si t where ij ^ ik 
for all j ^ k. Since £(v) + £{u) = £{w) we can assume without loss of generality that v = Sj, . . . 
and u = Si k+1 . . . Si t . It is now clear that 

{1 < i < r : w wi <E Stab w (^i)} = I \ {h+i, ■ ■ ■ ,k}, 

and that 

{1 < i < r : wqW2 € Stabvi/(w«)} = I \ {ii, ■ ■ ■ , ik}- 

Hence &(wi, W2) = I\ {ii, ■ ■ ■ ,it} has cardinality r — t = r — s(w). Thus we have a group of order 
£r-s(w) p erm uting the blocks simply transitively and a unique simple in each block. This agrees 



with Theorem 3.3 



(hi) Let w\ = WQSi = W2- In this case 6(^1,1^2) = I\ {«}• Thus O e [G](g) has £ r ~ 1 blocks and each 

contains £ r -( r ~ 1 ) = £ simple modules. 

(iv) Let G = SL/±(C). We will compare two situations: 

(a) uio^i = S1S2S3, wqW2 = s\: here 6(^1,^2) = ; 

(b) W0W1 = S1S2S1, wqW2 = s%: here &(wi,W2) = {3} . 

In both cases we have £{w\) = 7, £(11)2) = 9 and s(w 2 ~ 1 wi) = 2. This shows that £(wi), £{w2) and 
s(w2~ l wi) are not a complete set of invariants for the algebras O e [G](g). This was unknown before! 
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